
1.2. Derivative of composite function  

1.2.1. Chain rule 

The chain rule tells us how to differentiate composite functions 

[𝑓(𝑔(𝑥))]′=𝑓′(𝑔(𝑥))∙𝑔′(𝑥) 

If 𝑦 =  𝑓(𝑢) and 𝑢 = 𝑢(𝑥), i.e., 𝑦 = 𝑓[𝑢(𝑥)], where the functions 𝑦 and 𝑢 have derivatives, then 
 

 𝑦𝑥
′ = 𝑦𝑢

′ ∙ 𝑢𝑥
′              

 
This rule extends to a series of any finite number of differentiable functions. 
 

Common mistake: Wrong identification of the inner and outer function 

Even when a student recognized that a function is composite, they might get the inner and the outer 
functions wrong. This will surely end in a wrong derivative. 

In the composite function 𝑦 = (5 − 6𝑥)5. Students are often confused by this sort of function 

 

Example 1. Find the derivative of the function 𝑦 = (3𝑥2 − 5)3. 

Solution: The first step is always to recognise that we are dealing with a composite function and then to split 
up the composite function into its components. In this case the outside function is (∙)3 which has derivative 
3(∙)2, and the inside function is 3𝑥2 − 5 which has derivative 6𝑥, and so by the composite function rule, 

𝑦′ = 3(3𝑥2 − 5)2 ∙ 6𝑥 = 18𝑥(3𝑥2 − 5)2. 

Alternatively we could first let 𝑢 = 3𝑥2 − 5 and then 𝑦 = 𝑢3. So 

𝑦′ = 3𝑢2 ∙ 6𝑥 = 18𝑥(3𝑥2 − 5)2. 

Example 2. Find the derivative of the function 𝑦 = (𝑥2 − 2𝑥 + 3)5. 

Solution: Setting 𝑦 =  𝑢5, where 𝑢 =  (𝑥² −  2𝑥 +  3). So 
𝑦′ = (𝑢5)𝑢

′ ∙ (𝑥2 − 2𝑥 + 3)′
𝑥 = 5𝑢4 ∙ (2𝑥 − 2) = 10(𝑥 − 1)(𝑥2 − 2𝑥 + 3)4 

 

Example 3. Find the derivative of the function 𝑦 = √𝑥2 + 1 

Solution: The outside function is √ ∙ = (∙)
1
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2
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Alternatively, if 𝑢 = 𝑥2 + 1, we have 𝑦 = √𝑢 = 𝑢
1
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Example 4. Find the derivative of the function 𝑦 = 𝑠𝑖𝑛34𝑥 

Solution: Setting 𝑦 = 𝑢3, 𝑢 = sin 𝑣, 𝑣 = 4𝑥,we find 



𝑦′ = 3𝑢2 ∙ cos 𝑣 ∙ 4 = 12 sin2 4𝑥 ∙ cos 4𝑥. 
 
Exercises. Find the derivatives of the following functions.  
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Example 5. Find the derivative of the function 𝑦 = (1 + 3𝑥 − 5𝑥2)30 at point 𝑥 = 0. 
 
Solution: Differentiating, we get 𝑦′ = 30(1 + 3𝑥 − 5𝑥2)29 ∙ (3 − 10𝑥). Putting 𝑥 = 0 we obtain y' = 90. 

1.2.2. Higher order derivatives of explicit function 

A derivative of the second order or the second derivative of the function 𝑦 = 𝑓(𝑥) is the derivative of its 
derivative, i.e., 𝑦′′ = (𝑦′)′. 

In general, the n-th derivative of a function 𝑦 =  𝑓(𝑥) is the derivative of a derivative of order (𝑛 −  1). We 

use for the notation of the n-th derivative  𝑦(𝑛)   or 𝑓(𝑛)(𝑥). 

Example 6. Find the second derivative of the function 𝑦 = ln(1 − 𝑥). 

Solution:  

 𝑦′ = −
1

1−𝑥
,               𝑦′′ = (−

1

1−𝑥
)

′
= [−(1 − 𝑥)−1]′ = (−1) ∙ (−1) ∙ (1 − 𝑥)−2 =
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Exercises. Find the second derivatives of the functions: 

47)  𝑦 = 𝑒𝑥2
 51) Find 𝑦′′′, if 𝑦 = ln(sin 𝑥) 55) Find 𝑦′′(1) if 𝑦 =

1

3𝑥+2
,     

48) 𝑦 = sin2 𝑥 52) Find 𝑦𝑉of the function 𝑦 = ln(1 + 𝑥).. 56) Find 𝑓′′′(3), if 𝑓(𝑥) = (2𝑥 − 3)5 

49)  𝑦 = arcsin2 𝑥 53) Find 𝑦𝑉𝐼of the function 𝑦 = sin 2𝑥. 57) Find ℎ̈(1) if ℎ(𝑡) = (𝑡2 − 1)2 

50)  y = √1 − x 54) Find 𝑦(𝑛) 𝑦 =  𝑒𝑘𝑥 (𝑘 =const)  
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Example 7. Find the derivative 𝑦′′ of the function 𝑦 = (1 + 3𝑥)3 at point 𝑥 = −1. 
 
Solution: Differentiating, we get 𝑦′ = 9(1 + 3𝑥)2 ja 𝑦′′ = 54(1 + 3𝑥). Putting 𝑥 = −1 we obtain y′ = −108. 


